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ABSTRACT
4 completely Lagrangisn scheme for differsneing hydro-
dynardeal equations in two dimensions is degcribed. The

method conserves mass exsetly. The advantages of Lagrangian
over Zulerian schemes are briefly menticned. An appsndix gives
the generalisation to three dimensions.



4 Humerical Method for Two-Dimensional Lagrangian Hydrodynamics

Sryce [eWitt
Radiation laboratory, University of California, Livermore, California

With the increasing availability of high spaed compuating machines
having large fast-memory storage it becomes possible to undertake the
aumerical investigzation of hydrodynamic . shock oroblems in two dimensions.
Here is presented in outline a simple scheme for setting up the difference
equations of such problems in purely Lagranglan form.

Introduce the following notation: x, v = Lagrangian coordinates,

X, T = Zulerian coordinates, U, V = weloecity components, P = pressure,
Q = artifieial longitudinal viscous pn:aur-@, and G = gpecific volume.
Then the basic hydrodynamical aquaticne are

U= <GP + Q)/aX

. (1)
V = Go(P + Q)/ox(,

*

Iy, Y=y, (2)
§ = afou/ax + av/a, (3)
A(RT) = =(y - 1)Q 671 a5 (L)

where the dot demotes the total {or Lagrangian) time differentiation
and where we deal with a "y-law™ gas for simplicity. The viscous pres-
sure Q will be defined presently (Eq. (11)).

In order to cast the hydrodynamical equations into complstely
Lagrangian form, it is necessary to taks space derivatives with respect
to lagrangian coordinates. First introduce a "reference specific volume"
gy related to O by

EY . 2K (5)
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g =G/ (6)
whare
L2 QP ¢
ax Ay
J = (1)
21 oY
X 3y

Next, invert the matrix of the Jaecobian (7):

%xl. 2X 2 =-23X
S 4 N 5 )
'-J {]

¥ ¥ (& &

Expansion of the derivatives in (1) and use of Eq. (8) then lsads one

to the following basie set of completely "Lagrangianized" hydrodynamical
equations:

U= -g[!‘ + Q, I]
i (9)
V=og[P+q, x|
I=U, XI=V, (2)
a=glt, 1, (10)
{(n arl}E 6-16?, ror G< O,
Q= < (11)
0, for G ® 0,
d(Pa¥) = ~(y - 1)Qu™1an, (L)
where we hawe introduced the abbreviatioen
2, 8] =53 22 - 22 25, (12)

In Eq. (11), A is the lLagrangian mesh spacing (see below), and ¢ is

a constant mear uwnity (see refarence 1).

To set up a set of difference equations for numerical computatien,
& netsork of points may be introduced which has the topology (or con-
nectivity) of a square mesh. If the points are labeled by integer-pairs
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{k,ﬂ.] in a consecutive fashion, then the Lagrangian gradients may be
taken as

Lp=l "
{“‘/‘a’)rri'-,ﬂw;;_" 70 (‘kﬂ.iﬂ Meerg T higa” "k,ﬂ' (13)

i =L
{Bﬁfﬁr}k‘_‘%,hi % SA (Hﬁl,ﬂ*l = Lk*l.i + &'ﬂ,£*l - ‘k,ﬂ’“’c'{m

It is to be noted that mass -h exactly conserved in this schems. For if
ﬂ.k*irg_ﬂ denotes the area of the Eulerian quadrilateral centered (in
Lngra.ngii; space) at {lrl-I', ﬂ*i], then the total mass of the gas should
be computed at any instant as

., 1
M - Ek.‘l ﬂkﬂ-.ﬂ*i@k*i:i “Q (15)
But it is easy to show that
2
s e ™ 8 [x,1]

[ L ?
T Last k*ilg"'i

(16)

=

1f the derivatives in the Jacobian are calculated according to Zaqs. (13),"
(14). Hence, using (10),

- 2 -
| ::}.Ekll (‘kﬂ-i',ﬂ*-%)-l constant. (17)

We shall not set down the differenced form of the hydrodynamiesl
equations here., It is sufficient to observe that the difference equations
can easily be centersed so as to give second order accuracy in space and
tims (except in a shock transition sone). The quantities, U, V, X, Y are
evaluated at integral mesh points, and the quantities G, P, Q at half.odd-
integral pointe. The time interval must be chosen so as to satisfy the
stabllity nmﬂtia@

At < %E (18)
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The advantages of a Lagranglan scheme over an Sulerian cne are
obvious: 1) Boundary conditions are much more easily spplied.

2) Hoving interfacas as well as boundaries are automatically taxen care
of. 3) Computations are always confinad to the physical region of in-
terest. The single disadvaniape of the Lazransian scheme is the diffi-
culty introduced by zlippages alang shear plunes. However, it is felt
that this difflculty can easily be overcomes by cccasional readjusting of
the mesh.

The method proposed here should be quite {lexible. It iz not nec-
easary to atart from a rectangular mesh &t time t = 0. Any "freehand"
net (drawn to fit surface discontinuitise, for example) will do., If
G° 1s the initial specific volume, it is only necessary to calsulate the
"reference specific volume™ g in advance, according to the formmla

g = G°/J° (19)
where J° is the initial Jacobian.
Appendix:

The mathod outlined above can easily be extended to three dimensions.

The basic hydrodynamical equations then becoms
U= -gﬁ‘ *Q, I, I]

Veg[P+q, 3z, X (20)
Ww=-g[P+q 1,1

XelU, YoV, Z=W, (21)
a=gx, 7, z], (22)

_2A al A _ 2A B AL _ 2A 2B ac (23)
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Zquatione (4) and (11) remsin unchanged.
Gradients can be computed by the obvions differencing schemej

(gl’i:i*i.n* :

| -1
= - +
M G‘hl,ﬂﬂ,rl "k+1,fi+1,u ' 11:4*1,,*!"3:.::*.1. i 'lk+1,9.,m

“heboima T A l,m T A me T A dn ) (2L)
(E.Jh},ﬂq,m.;r
z #ﬂ“lekﬂ, bel,med ¥ A, Yon,m = A1, el - A1, n
* A Yotmn * A e,m = A et A la)? (25)
ekttt e
%i""rl é"kﬂ,ﬂﬂ,nd—l = N1, e1,m A, fomed = Ao, lm
'R IR W L T ‘k,iz,.)' (26)

With modern computing machine:z it is almost feasibls to consider
three-dimensional problems, Such problems have, for example, a thecretical
importance in the study of turbulencs.



Footnotes

o
‘1) J. von Neumann and R. 0. Richtmyer, J. App. Phys. 21, 232 (1950).
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